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1. INTRODUCTION
There are three versions of the finite element method: the h-

version, the p-version and the h-p version. The h-version is the standard

one, where the degree p of the elements is fixed, usually on low level,
typically p = 1,2,3 and the accuracy is achieved by properly refining the
mesh. The p-version, in contrast, fixes the mesh and achieves the accuracy
by increasing the degree p of the elements uniformly or selectively. The
h-p version is the combination of both.

The standard h-version has been thoroughly investigated theoretically
(see eg. [1], [9]1, [19] and others) and many program codes are available,
both commercial and research. The p-version and the h-p version are new
developments. There is only one commercial code, the system PROBE (Noetic
Technologies, St. Louis).1 The theoretical aspects have been studied only
recently. The first theoretical paper appeared in 1981 (see [6]). See
also (2], (5], (71, [10], [11], [14] for most recent results. For the
numerical, computational, implementational and engineering aspects of the
h-p version we refer to [3], [20], [21], [22].

The classical form of the error estimate for the h-version with

quasiuniform mesh is

-1
(1.1a) Jus-uccl s o)™ Ju,]
0 "FET) (q) OTik ()
where
(1.1p) n = min(k,p*1)

1‘In addition there is code FIESTA for solving 3 dimensional elasticit;,
problems having p-version features but using only 1S p £ 4.
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é and the constant C(p) depends on p in an unspecified way. See eg.
4 {12, (91, [19] and others.
: The main purpose of this paper is to analyze the h-p version with a
E quasiuniform mesh and uniform p and get an error estimate which is
? simultaneously optimal in both p and h. We show that the estimate (1.1)
% can be written in the form
, . "
’ -2 IuO_uFEIH‘(m § O luIHk(Q)
. with

n = Min(k,p'”)

{
X and C independent of h,p and u. We will also prove estimates for the
i h=-p version when the solution has singularities in the corners of the

domain and in the case when essential (Dirichlet) conditions are prescribed
- but are not in the subspace of finite elements. Finally, we will present a
X numerical example illustrating the applicability of the developed (asymp-

totic) theory in a range of h and p wused in practice.
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= 2. THE NOTATION
AN
- For Q€ R2 a polygonal domain, x = (x1,x2) € Rz, we let LZ(Q) =
L H(Q), H¢(Q), H‘é(n), k 2 0 integer, denote the usual Sobolev
.
% spaces. For u € HX(Q) we denote by lul, o and |ul g the usual norm
Lo, o »
'( A and seminorm, respectively. For k 2 0 nonintegral, we define Hk(Q)
:f- and llk q DY the K-method of the interpolation theory [(8]. If I is
~ an interval or a segment, then we define HK(I), Il ;o x2 0
.cf
. analogously.
o Given p > 0, let R(p) = {(xy,%5) | [x4] < p, |x5] < p}. For any
_?_3' Qc R we will denote 0q = sup{diam(B) | B a ball in Q}.
- The set of all algebraic polynomials of degree (total) less than or
>
::: equal to p on Q will be denoted by P;(Q). By Pg(n) we will denote
%
.:‘_: the set of all polynomials of degree less than or equal to p in each
" variable on R. For I'c R a straight segment, we define Pp(I‘) as the
1
oy set of polynomials on T of degree less than or equal to p in s (s
.- being the length parameter of T).
"7,
Let « > 0. Then by H;ER(R(K)) c HX(R(x)) we denote the space of
\‘:
"_:3 all periodic functions with period 2x. By T;(R(oc)) (TS(R(K)) we denote
_, the space of all trigonometric polynomials of (total) degree (degree in
-".a
! every variable) less than or equal to p.
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3. THE MODEL PROBLEM
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3.1. The formulation of the problem.

AR
'

Consider the following model problem

»

. ey
PN .l' a8,

o

5
PN
L4,

o

(3.1) -Au +u = f in Q

.
[
5!

(3.2a) u = g on r!

LA AN
3 N"L‘v,

DNOADAENENCRS -

s

u  _ 2
(3.2b) m - b on T

)

'y

NAN,
o~

.
l.‘
i P

where Q C 82 is a polygonal domain with vertices Ai' i=1,...,n+1, A4

N

e

1"

= B

et r = u r, r° - Uy
j=J1v---tJn2

r=r U rs,
-_‘.:’ i.=i ’ooo,i

X 1 n,
s I' is the boundary 092 of Q and .Pj, j=1,...,n, are the open sides

of the boundary 932 (see Fig. 3.1)

A,

Fig. 3.1. The scheme and notatisn of the polyzonal domain.
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The internal angle at Ai is denoted by Wy - We allow the possibility

that w; = ®# or 2m. The case w; = 27 describes the slit (cracked) domain

i i
while the case wy =W is introduced to deal with the abrupt change of the
type of the boundary condition or with nonsmoothness of g or b at the
corresponding vertex. When § 1is stated to be a Lipschitz polygonal
domain, then it will be assumed that w3 <27, {1 =1,2,...,n.

Let H)(®) = {v € H'(2), v =0 on TI'}. For u,veH (a) we let
(u,v)g, g = IQ uvdx, (u,v)q g = fﬂ (Vu + Vv + uv)dx. We interpret now

(3.1) and (3.2) in the standard variational sense namely we seek u €

H'(Q) so that

(3.33) u = g on r!
and
(3.3p) (w¥)y,q = (f,v)g,q *+ | bvds

r

holds for all v ¢ QB(Q).

We will assume that the solution u of (3.1) and (3.2) is

(3.4) u = uy tu, + us

where
Ky =1

(3.42) up € H (@) N HY®), ky >
Ko

(3.4p) u, € H °(q), ky > 3/2
E ~1

(3.4¢) Ug = a,u € H.(R),

3 {0y 1731 0

a Y,

( -ud) = -i 1 ) »

3 u3,p 7ty Jleg e ] T (8)x ()
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where ry» 61 are polar coordinates with respect to the origin located at
the vertex Ai' ay > 0, Yi 2 0 integer, wi(ei) is an analytic function
in 8; and x;(ry) is the C® cut-off function so that ug § = 0 for
r{ 2 ey >0, p; sufficiently small.

The form (3.4) is the typical form of the solution of (3.1) (3.2) (and
of a system of second order) (see eg. [4], [12], [16]). The assumption
that X > 3/2 1is usually satisfied in practice and hence is not a severe

restriction.

3.2. The finite element method

Let M = {Th}, h >0 be a family of meshes Th 2 {S?} where S? c
Q 1is an open triangle or parallelogram. Let hS.n = diam(Sh) and psh be
as defined in Section 2. We shall assume that the family mhy  is regular
in the sense that there exist positive constants o, 1t independent of hn

such that for all S? eTh They

(3.5a) max h , = h
Sy
(3.5b) Hﬂ— $ 1
s
i
h
gh
(3.5¢) — < 0.
P n
S,
i

Condition {(3.5b) is obviously the condition of quasiuniformity of the

mesh). Further we assume that with Th . {S?},i = 1,2,000,my,
m,

= T on h  h

2= . si and that each pair Si' Sj, i # 3 has either an entire side
i=1

or a vartex in common, or has empty intersection.

........




T ryTyyrryy

-----

Let F? be an affine mapping with Jacobian having positive

determinant which maps S? onto the standard square Q = (-1,1) x (-1,1)

when S? is a parallelogram and onto the standard triangle T = {(x1,x2) I

-1 <xyp <1, 1 < x5 ¢4 x4} when S? is a triangle. Let now vg(n) <

H'(R) denote the set of functions u such that if uSh denotes the
i

restriction of u to S? € TN then ush o (F?)‘1 € PS(Q) if S? is a
i
parallelogram and ush o(F?)" € P;(Q) if S? is a triangle. We will
i

then write ush € Pp(S?) and u € VS(Q). Furthermore, we let &g(ﬂ) =
- i
h 1
vS(a) N Hy(a).
The mesh T% on @ induces a partition (D = {Yb,j}. j=
1,25...m(1) of rys i=1,...,n . Denote by N?,j, j=0,1,...,m(i) the

nodal points of L? (i.e. the end points of Y? j)' We let vg(ri) c

H‘(Fi) be the set of functions u such that the restriction uYh of
1,
u on Y?'j is a polynomial of degree < p. Moreover, ag(Pi) c Vg(ri)

No

1,4 j=0,1,...,m(i).

will denote those polynomials that vanish on

Let gg e U i Vg(ri) be the approximation of g (see (3.2)) described
F.cT
below. :

The h-p version of the finite element method consists now (for given

X h h
p and h) of finding ug € Vp(g) such that

(3.63) ul = gg on T

(3.60) (uv)y g = (g g+ ] , bvds
r

holds for all v ¢ ag(ﬂ).

To define g; WJe denote by gr. the restriction of g on
i

1

r.,<or

and assume that gri € Hr(Fi) with r > 1.




We define now gh p 21 so that

p’ &

(3.7a) h hepy,
3.Ta gp,r; ¢ Vptly

(3.70) gp,r, (M, = s p),

(3.7¢) fr'(gg’ri)'wvds -

1 1

holds for all w ¢ Gg(ri).

h -
Ni,m(i) = Ai+1)s

SANN NN

A

WLt Lt N e e T e L [ T R P P P T L R N TN
LR S AP AT SR A O AT PR YT AL e

- - - . - N - .. N - - . -
I I S R ROV P W I B S S D W DS S ST R B A ST TP

'fF g'w'ds, r, ¢rT

Remark. If we restrict (3.7b) to j = 0,m(i) only (N? o - Ai’

adh el tad el el e S SR SR Sl el el G b Gl fnk' el Sad SRt I a d i ol dh A Sk A ¢ AP STRL AR men aris andl mag S i kS aSe~allar aOURRAR- NSt e A e St e ) F"“."'T'-""."T

1C

rycr'

j=1’.-¢’m(i)' i=i1-ot'in1

then (3.7b) is satisfied as a consequence of (3.7c).
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y, THE CONVERGENCE OF THE h-p VERSION: THE CASE OF THE SOLUTION u GHk(Q)
In this section we will analyze the rate of convergence of the h-p

!
version when the solution of (3.1), (3.2) has the form (3.4) with wu3 = 0.
|

4,1, Basic approximation results
We present here some approximation results which will play an

essential role later.

Lemma 4.1. Let S =Q or S =T be the standard square or

triangle. Then there exists a family of operators {%.}, p =1,2,3,...,

o)
%:HWS)»P&S) such that for any 0 < q £ k, u € HY(S)
-7 -(k-q)
(4.1a) Ju wpulq’s < cp-{k=q I“lk,s , k 20
(4.19) (1)) < kY |y , Kk >3/2, x €8S
p k,S

where we denote Pb(S) = PS(S) for S = Q and Pp(S) = P;(S) for 3 =

~

T. The constant C in (4.%a) (4.1b) is independent of u and p but

v

depends on K.

Moreover, if u € Pp(S), then ﬁp(u) = u.

Proof. The proof of this lemma is an adaptation of the proof given in
[5]. Hence we will only outline the proof.

Let rg > 1 so that S ¢ R(rg). Since S 1is a Lipschitz domain,
there exists an extension operator T mapping HK(S) into Hk(R(ZrO))

such that

(4.22) Tu = 0 on R(2rg) - R ¢

T A T av [ L R
X - N . [N . PN . P
. R [ I R A A .t B T e
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(4.2b) lTqu,R(ZrO) < Clulk's

where C 1is independent of u. For a concrete construction of
refer, for example, to [4], [18].

Let ¢ Dbe the one-to-one mapping of R(g) onto R(2ry):

(4.3) R(2rg) 3 x = (xq,xp) = &(§)

(2r0 sin &, 2rg sin 52)

with (E1,€5) = € € R(3).

Further, we let

R o= o 3 I
(4.4) R = ¢ [R(5 ro)] < R(3)
where ¢-1 denotes the inverse mapping of ¢. Let v = Tu and

(4.5) V(E) = v(e(g)).
Because of (U4.2a) we easily see that
(4.6) Supp V(g) ¢ ;.

In addition it can be readily seen that

/
(4.7b) lvlk,R(“) < Clulk,s ,
(4.7¢) V(g) 1is a symmetric function with respect to the

lines §&; = # %, i=1,2.

T we

Let us expand the function V in terms of itz Fourizr cseries
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® ® i(J€1*252)
V(E1.£2) = jz_w gg-m ajl e .
For any p 2 1 we define
i) for S = Q:
- 1(jg, +RE,)
(4.8a) LA I oay, LI
lil<p [2]<p
ii) for S =T
. 1(jg, +2E,)
(4.8b) TV = ) a. e 1 2 .
P l31+]2j<p I
Then quite similarly as in [5] we have for 0 { q £ k
(4.9a) |v—§pv|q’R(") < Cp_(k_q)lulk’s k2 O
(4.9b) [-rveen] ¢ e KT o Kk > 3/2.

Because (ipV)(¢'1(x)) € Fb(s) and ¢ 1is a regular mapping of R(rg) (r,
< %) on S, (4.9) yields immediately the lemma.

Let us quote now the following scaling result,

Lemma 4.2. Let Q and a' be two open subsets of R® such that
there exists an affine mapping F(x) = B(x) + b of Q' onto @ and F(ah)
= 9. Let diam(a) =1, pg =K, diam(a") =, pp = Ko If the
function ¢ € H™(Q), m > 0 integer, then v = % o F € Q") and

(4.10a) [v| s Ch 19

m,Qh




. 14

o

T m- 2
R A 2

(4.10b) ¢ < ¢ch v

-!;. I |m’Q I Im,Qh

"
e where C depends on K and K but not on @, h, v.

s

‘\-:w‘

e For the proof see [9], Theorem 3.1.2

i

cD h
2 The estimate of the error of the approximation of g by gp is given
0% in

h‘}AI‘

o

i Lemma 4.3. Let r>1, 0K tg1, p21, then

__.‘_
SN
::"~: v-t

- h
- (4.11a) le-g,l , < ¢ i— el |,
S DA p D

= v-t
_n h

7 (4.110) le-g by, r < ¢ 5= lsl. p

- i ) i
N where
-_‘:‘
AN
o o (4,11¢) v = min(r,p+1)
.. .
i)J and C 1is independent of g, p and h.

'S?

o The proof is given in [13]. The main idea is to expand g' in
o
,}\: Legendre polynomials on every Yy , of the partitioning of T; induced by
) 1]

[ 4]
SN the mesh Th, prove (4.11) for r and t integral and by the interpola-
'.'~::\

e tion argument obtain (4.11) in fill generality.

=

.
vt
1 s

Let us prove now

Lemma 4.4. Let 3S? and S be the triangle or parallelogram

PRI
Sl @
\ -

A

satisfying the conditions of Lemma 4.2. Then for any 1 € H(Q)

AN
v
LN

EASRS
’

g

corresgponding to the function u € Hk(nh), k > 0 we have

-%’.‘:.-‘3
Gy
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(4.12) . inf  Ju-p]
pep_(2) K-8
p
where u = min(p+1,k)
p and u.
Proof. For k =0 the resul

taking p = 0. Hence let k > O.

and C depends on K, K,

-1
< cn*
¢ ol

qh

k but is independent of

t follows immediately from Lemma 4.2

Assume first that k 1is an integer.

Then
X (165 3 1) SR
. inf  Ju-pl < _ inf Ju-p| + u + [p|
Pep, (@) ks Q Pep, (D) L o A TV
K
where Z =0 for k< u+1. Using Theorem 3.1.1 of [9], we see that
i=u+1
A A Li ~
_inf  Ju-p} < C ful;
PEP_(2) ka2 I
P
Ko i1
< ¢ I nJul 0 (oy 4.100)
i=u i,
< cn' M|
- h

and (4,12) is proven for Kk intege
interpolation argument.

Let us prove now

Lemma 4.5. Let S% be a tri
A; satisfying conditions (3.5). L
constant C depending on k, 1,
4 sequence zg € Pp(Sh), p =1,2,.

such that for any 0 £ q £ k

-------

k,Q

1

r. For general k we use an

angle or parallelogram with vertices
et u¢ HK(SN). Then there exists a
¢ but independent of u, p

.. {(see def. of Pp(Sh) in Section 3.2)

and h and




PR

(4.13a)

(4.13b)

(4.13¢)

If k > 3/2,

Proof.

sO that

where F

q<K

(4.14)

and hence

M)

oS U J_AA}

v -'\c ™
. \x AP LR
bl J\..{' T S

is

Section 3.2).

k, 3"
Combining (4.14) with Lemma 4.2 we get for 0 < m £ q € k
ﬂh'l < Chu-mp°(k-q)
lu— pJ m’sh Hulk Sh

il el 0.0 St Ak Aol Aol Aad Aok Sk Bef Aot | W

16
|
h nt 4

Ju-z_} < C = Ju} ' k 20
P QISh Pk q kvsh |
p=-1 |

[(u—zg)(x)l < C EE:T Jul - k>3/2, x ¢S

p k,S

u = min(p+1,k).

then we can assume that zg(Ai) = “(Ai)'

Let ﬁp be the operator introduced in Lemma 4.1. Define now
. uKreh h
s BN P

h\ = % -1
o (wp(u oF ")) oF

the linear mapping of sh onto T, respectively Q (see

Denoting U = u o F! we get from Lemma 4.1 and 4.4 for

A A A

|u-w u|

J(a-p) - %p(G—5>uq S

cp-(k—q)

Vel

_ inf Iu-pl
pepy () S

Cp—(k-q)hu—1 Il!

[N

- -~ C) - - - - Ta "k et e, .-~ .
e i e el S e S e e 4
A.g;.a...1‘.-:“...-..nh‘::..‘..h.,A..,.nﬁﬁgﬁmdd
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(4.15) |u-vpu| ne
q,S k,S

Now analogously for k > 3/2 and % ¢ S

(4.16) l@-n @] g . ine Ja-p]

S
pePp(8) €

< Cp‘(k-1)hU‘1 lul h
k,S

and (4.13) is proven.

If k > 3/2, then we can modify zg by a linear function if S is a

triangle or a bilinear function if S 1is a parallelogram so that zg(Ai) =

u(Ai). Using (4.13b) it can be readily seen that (4.13a) will hold once

again for this modified function.

The proof of the following theorem is a modified version of Theorem

4.1 in [5].

Theorem 4.6. Let u be the solution of (3.1-3.2), u € Hk(Q).

kK > 3/2 and for ri C F1 let g; € H”(ri), r>k-1%, where 8 is the

restriction of g to T,

ie Then for each p 21 and h > 0, there

h

exists wp

€ VE(Q) such that

(4.17a) ¢g = g, on r!

u=1

N h_
(4.17b) Ju @p|1,9 < C pk-1 (“ulk,g + % Iglr'ri)

(8,17e) p = min(p+*1,k)
Where gg is defined by (3.7) and C i3 independent of 4, p, h, and Th,

First we will introduce
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Lemma 4.7. Let S =Q or S =T and let Y = AyA> be a side of

S. Let y¢€ Pp(Y) such that w(Ai) =0, 1 =1,2. Then there exists an

extension v € Pp(S), v=¢% on Y, v=0 on 3S-Y and

(4.18) Il s < clvly,

where the constant C is independent of p and .

The lemma is a special version of Theorems 7.4 and 7.5 presented in

the Appendix.

TR,  Then by Lemma 4.5 there

Proof of Theorem 4.6. Let {S?}

exists zg’i € Pp(S?) such that zg’i u at all vertices of S?. Let
h _ zh h : n h _

now Y = Sj N 32 and let N, N2 be the end points of Y'. Then zp j

zg’z = w?'z is a polynomial on yh of degree at most p, and w Q(N ) =

0, i =1,2. We now map 39 U 32 onto §j U §z by a continuous linear

mapping F where SJ and Sz are congruent images of Q@ or T, suitably

placed as shown in Fig. 4.1,

Using the notation used in the proof of Lemma 4.5 we get, by Lemma 4.5

-1
A Ah hu
u-z, l < C=—= ul
1,S - -1
3 P~ kS

G-zo 2], S is analogously bounded. Hence on Y we get by the imbedding
>~ L
theorem
~ Ah
< u-z + ju-z
j QIV = | pnj|1:sj I p’2|1)s£
u-1
h
< = (Jul *ful .
- k,s" k,s
’ J ’ 9‘
. ,. ..-, "o -f, \»_._. e G e 4'_ .'_:J'.( - ~:'."\.";.»: L e e 1-"'".,‘. AP NI I
ﬂh N s v .J\- \ el A .'.‘- {A"!.AJ":{A;!:L' L‘A."JJ’:_.:..“J'A_ s -_fn.‘
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)

Fig. 4.1. Scheme for the map of two neighboring elements.

Applying Lemma 4.7 there exists GP J) so that

RO

[RLY

e
<)
[
3%
[
P
o]
=]
<

and

(TR

o s . h h h - Sh h
Hence we can modify zp’J to Zp’j so that Zp,j zp,l on Y and

u-1
2 mul ¢ e Bl r Il
Prd 1,8 D k,S]

4 ‘ * 'r‘._v ‘e ‘l_.l'!

h
{.

.
LA

Repeating this process we construct Zp i similarly on each S

. n
Defining 58 so that its restriction on S? is Zg'J we get 53 € Vp®)

-r

a .
4«

- u_1
L. ] ~h n

o 1= d5li,q € €97 Julg, o

« p

4

‘s

b o e e .

L e O e A R R Yog
PNy '-". A0S RS S RSty --‘: ROS j
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Finally tf 3s? 1o vM 4 g, we have to modify z} . so that

P,y)
A 0 Y. Using (4.11a) and realizing that
p,j " g, on . sing . and realizing tha
2 2
! e < el

we can proceed quite analogously as before and complete the proof.

Remark. By the imbedding theorem we have g}, _, < Jul and
k1, = Mg

hence the second term in {(4.17b) can be omitted.

4.2, The approximation results for 1 < k < 3/2
In the previous section we analyzed the case when the solution u of
(3.1) (3.2) belongs to Hk(Q), k > 3/2. We will now analyze the case
when u € H®(Q), 1 <k <3/2 and g = 0. In addition, we will assume
that Q@ 1is a Lipschitz domain.
As shown in [4], given any t > 0 and k > 1, the function u can be

decomposed so that
(4.19) u = vb st

t 1
vy € Hy(@)

Wb € B Q) N H)(Q)

and for any k > q > 1

.
.
,

.
.
®:
e

w o

PR

A\ ]
(R A

q-1
< el g

(4.203) lvtl1 Q

T
LAY

l

4

(4.200) Wl o < :q’klulq o
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) Let 22> k >3/2, and 1 ¢ q € 3/2. Then by Theorem 4.6 there

exists ¢g€ VB(Q) such that

on r‘

k=1

t_h
lo™-ohy,q < © l“ Ik, 2

since for p 21, min(p*l,k) = k. Hence

h t t h
Iu-(pph,g < I1,Q + o q)ph,Q
k-1
-1 h -K
< C(tq Y RT t4 )Iulq,g'
p
Choosing t = h/p we get
q-1 u=1
_h h _ . h
(4.21) Ju ®p|1,n < C(p) Iulq'Q c = ju |q’Q
since
min(p+1,q) = q, q £ 372,

We remark that the assumption that @ 1is a Lipschitz domain was used in the
proof of decomposition (4.20). (U4.21) shows that in Theorem 4.6 we can

replace the restriction k > 372 by k > 1 provided that g = 0. In fact,

‘l'.l,.dl
- LUt

we need less namely that glr.i € H'(ry), T ¢ r', ro>o1.

L

- 'l" l r -
ey _-,._. WONL ‘-..-_.‘d
&men_\lg\_\.'.\‘. ST M
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4,3. The rate of convergence of the h-p version of the finite element
method

We will prove now

Theorem 4.8. Let u € HK(R), k > 1 be the solution of (3.1)

(3.2). Assume further that g 1is such that
u = 4y *up
K1 =1
up € H (@) N Hy(Q)

K2

and that 2 is a Lipschitz domain if k; ¢ 3/72. Let ug be the finite

element solution of (3.1)-(3.2) as defined in Section 3.2, then

h p¥!
(4.22a) |u-up|1’Q < C(k) =1 Iulk’Q
p
(4.22p) k = min(ky,kp)
(4.22¢) u = min(p+1,k)

where C 1is independent of u, h, p but depends on Q, 1, 0.

Proof. If g =0 then (4.22) follows immediately from Theorem 4.6
and (4.21).

If 2 # 0, then denote by Ug the exact solution of the problem

(3.1)-(3.2) when replacing g by gg- Denoting w = u - UB we see that

-Aw +w = 0

v 3 - - - - - o O . . - " . -7 - -
e e T A L T
R P e e A N L e N YRR S

L T T Y T T W T T T R T T T T W T T P e e r
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By Lemma 4.3 we have [u] , <C LU Y where v = min(r,p+1) and r
% T p * r,tT

= k - Y% by the imbedding theorem. Because

|w|1,n = int‘|v|1’Q

over all v € H1(Q) such that v =w on T, we have

n"!
I“’|1’Q hS CI“’Il 1 b Cp—k:T Iulk’g’

27

8y Theorem 4.6 and the basic properties of the finite element method we get

for any ¢g € VB(Q),

h_.h Ly h_h
liy-Uply o < Clop Ul g
h h
< C(|u-cpp|1 Q |u-Upﬂ1’Q)
u-1
¢ ¢ o=

and Theorem 4.8 is proven.,

4,4, Optimality of the asymptotic rate of convergence
In this section we will prove that the estimate in Theorem 4.8 is

optimal. To do 30 we will use the concept of the n-width. For details,

see eg. (17]. Denote
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b (H'(2), H(Q)) = l?f e i?g o PO
anH (Q)  u€H

dim S_ B

the n-width in the sense of Kolmogrov. Then by Theorem 2.5.1 and 2.5.2 of

[1] we have

(4.23) D (' (@), H() » caTRKTT),

Let us now compute the dimension of the space VS(Q) in terms of p and h.

The number of elements is of order 0(15)' Over each elemenft we have
h 2

O(pz) polynomial basis functions. Hence, n = dim VS(Q) $C 25’ Hence

for p+ 1 > k we have

k=1 g
/ h h ~ 2
(4.24) |u—up|1’Q < C(k)(;) Iulk’g C(k)n bady, o

IA

Comparing (4.24) with (4.23) we see that the estimate is optimal.
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5. THE CONVERGENCE RATE OF THE h-p VERSION. THE CASE OF THE SINGULAR

SOLUTION
In Section 4 we analyzed the rate of the h-p version when the solution
of (3.1) (3.2) nas the form (3.4) with ug = 0. Now we will analyze the
rate of convergence in the case u = us. For simplicity and without a loss

of generality we will assume that n =1 in (3.4¢)

5.1. An approximation result
Consider the square R = R(h) defined in Section 2. Let (r,8)
denote the polar coordinates with the origin at 0 (see Fig. 5.1). For

k >1 1let S_ be the subset of R bounded by the lines L

1. -
K X2+h"

<

x(xqy+n) and Li: Xy * h = x(x,+h). Let Sg be the region S_N {(r,8) |

1y

r < p} {0 < p« 3

We will consider the approximation of a function u with support in

Sgo for some 5 > ¢k which vanishes on the lines LL, Li. We will assume

that the function u has the form
(5.1) u(r,9) = ra]log r[Y XO(%)¢(6)

“where % and x5 are sufficiently smooth functions (e.g. ¢® functions)

2 i, 2p
1 for 0 <r ( 3 xo(r) =0 for r 2 3

)

such that 0 ¢ Xg £ 1, xo(r)

0<p <% and 9(8y) = »(85) =0 where 3y, 8, are polar coordinates of
. 1 2
the lines L'< anad L.
Let Q Dbe the region bounded by the lines LLO, Lio, and X,
= = %, x2 = - % . We will estimate the approximation errcr
h n 1
I*l Jpl1’Ql 'Ap € PD(R).
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(-hsh) (hvh)

R(h)

t-h,-2)

(~h,-h) (-% ~h) (h,-h)

Fig. 5.1. Scheme of R(h), Q, Sgo

~

We first map R = R(h) onto the square R = R(1) by the transformation %,

X. -~ -~
= Hi or equivalently (£,9) = (%,e). This maps Q into Q. Then, if

u(r,a) = u(r,8) we have
(5.2) 2(#,8) = n%%)log hA|Y xo(F)e(6)

where @ = 0 c¢n the lines LL and Li, the maps of LL and Li. Since

¥ 1s by assumption a positive integer, we have for h, £ <1

c(2)n%F*|10g n|*|10g Al P = T 4.

0 2

(5.3)  a(#,8) =
2

Il ~1-<
<

3y Theorem 5.1 of [5] there exists 2% € P§+2(R) such that 2;

iwn A1 A2
lines L< and L,< and

]Y-l

)
s ahy |10z n|”
IJZ ZpL,Q ¢ C DZa

log p

Hence, we see that

- ‘et e '.. -4 " - - - . . - .
...‘ "- ".' '.I‘ - hn\.- - .'! M ..— A - . et LT " - . . - 7.
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a ‘2 2 o
Z = z Z, €EPpP (R),
p T b % ¢ Ppe
£, =0 on L. and L2 and
P K K
a Y
~ h 2 Y-1
(5.4) fu-zp1, 5§ ¢ C53 ! |log h|" |10g p]
p =
n® \ Y
< C =55 max(|log h| ', |log p| ).
P

By suitably changing the constant in (5.4), we see that we may obtain a
2, ¢ P;(R) satisfying (5.4). By Lemma 4.2 the same estimate holds for

u-z so that we have
lo-z, 1 g e

Lemma 5.1. Let u be given by (5.1). Then there exists z. €

1

1 . .
PD(R) such that z, 0 on the lines L

2
and L'< and

a
_ _ h
(5.5a) lu Zp|1.Q < Cglh,p,Y) ;53
where
c . _ Y Y
(5.5b) g(n,p,Y) = max(|log h|', |log p|")

and C 1is a constant independent of p and h.

5.2, The rate of convergence of the h-p version

27

Ade now return to the problem of approximating the function usz given

in (3.4d). To this end let




B4
Bs 5
DS
. h
2 h82
S
Sm
Ehn+l
Bm
Fig. 5.2. Scheme of the mesh in the
neighborhood of the singularity.
. 3 ’ - m
L We #ill assume that OBy c T' and OBj,y c I". Let T = U ByBj+y. Then
: i=0
o Lemma 5.1 yields the following result, the proof of which may be found in
g r51.
s_;":: -
E{y: Lemma 5.2. Let u bte given by (5.6a) with p (in the definition
N
?ﬁi; of xg) sufficiently small (depending on t and ¢ only), then there
N . 1 n ’
$3 exists z, € H'(Q), z, € Pp(Si), Z, = 0 on OBy and on T such that
a
qﬁ
W 72) u-z_ | h”
e {(5.7a u-z < Cgln,pyY) —>=
L.- 2Tyl (o) p2a
o5t
i
S e e g e T e S e R

28

- - -y (£
(5.6b) u3 o = u3(1 xo(h)).
Obviously ug o = 0 1in the neighborhood of the origin.

Our first goal is to approximate uz 1 over the set of triangles or

parallelograms having a vertex at the origin as shown in Fig. 5.2.




(5.7b) g(h,p,Y) = max(|log n|', |log p|¥

where C depends on g, T but is independent of p and h.

nave u =0 for r < ph. Further,

[0Bul < c(gyre |8l |10g r|

where 8 = (31;82); 31 _>. 00 B] + 82 = IBI and
s al8ly
DPu = ———
8. B
9x, 3%
1 2
Hence we have
(5.8) ful, o ¢ C(k)[1log hIY max(1,n%" 7).,

P
4,8
n ﬂ°1
- n
(5.9) lu up'T,Q < (k) <=7 Iulk N
p
n—k*a
< C(k) ——— |10g h|
p
with k > 1 arbitrary and n = min(p+l,k). Let us take k =20 + 1 1in
(5.9)., Then n-kx +a=n-a=1=ninla,p~a) so that
min(a,p-a)
h h Y
o1 - a
(5.19) |xup|1,n < cC 55 |1og n|
p
I¢ p is small with respect to a, wWe can select k so that
I R U T K el e e e e et
. T e e R T L T T e A
i I U I T RS RSUAS Tl et DR TP Y U VAP P TN AP U WL 1 -_‘_L_Auull__xul_.l}.‘;.; .L‘.'.“‘L\.‘L\.._.‘_{AS_'L:. \.sx"’a_‘n_(

Let us consider now the function wu =u3 , given by (5.6b).
?

We

Denoting by uh the finite element approximation of u, we get by Theorem

.h

o>
SN NSNS
N YRR SR
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Cx)nMK*/pk=T 4ill be minimal. For example, with k = 2 we get

¢ cn® |10g n| .

h
(5.11) Iu-uplhQ

Combining the estimates for u3 4 and u3’2 we get

Theorem 5.3. Let u be given by (3.4d). Then there exists

ag € OS(Q) such that
n hmin(a,p—u)
(5.12a) |u-4>p|,'Q < cg(h,p,Y)min(h®, e )
|
(5.12p) g(h,p,Y) = max({log h|", |log p|")

and C depends on o6, t but is independent of p and h.

Remark 1. When o« is an integer and Y = 0, the estimate (5.12a) is
very pessimistic, since the solution u given by (3.44) is smooth. When

a is an integer and Y > 0, then the estimate (5.12a) is a correct one.

Let us now summarize in one theorem the error estimate for the h-p

version with quasiuniform mesh and uniform p.

Theorem 5.8. Let Q be a polygonal domain as introduced in Section

tj?* 2. Suppose that u, *%the solution of (3.1)-(3.2) can be written in the form
-,
tk:ﬁ (2.4). Assume further if 1 < k, £3/2 that @2 is a Lipschitz domain.
R
4 X Assume that ug is the finite element solution with triangular and
oL
?:3? parallelogram elements satisfying (3.6) and the boundary condition on rt
..:'.':\
Hﬁf: defined by (2.7). Then
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s
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@

[

¥
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f.I

h i
(5.13a) |u-up|1,Q < C m?x (£)+8,)R

mln(ui.p-ai)

i i h
(5.13b) g, = &(n,p,Y,)min (nh *, Za, )
p
Yi Yi
(5.13¢) gn,p,Y;) = max(|log h| *,|log p| *)
hmin(“<1-1'k2-1’p)
(5.13d) 2 7 Tmin(k -1,k,-1)
p
(5.13e) R = Iu1|k1,9 + IuZIkZ’Q + % EW

and C depends on 1, ¢ in (3.4), @, Xj, Y{» @; but is independent

of Th, h, p, 4.

Remark 2. We formulated Theorem 5.4 only in the frame of Sobolev
spaces. By interpolation arguments, it is also possible to formulate the

theorem in the frame of Besov spaces.

Remark 3. We addressed only the case of the polygonal domain and
elements which are triangles or parallelograms. By the standard mapping

approach, the results are also valid for curvilinear elements.
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o 6. APPLICATIONS

Lo In this section we will study the consequences of Theor .m 5.4 in

e connection with computations.

;;l First let us mention that although we discussed the h-p version in
oo connection with the problem (3.1) (3.2), all conclusions are valid also for

thne elasticity problem. In (3.4d) we assumed that a; are real. In the

4 case of elasticity problem, a; are in general complex with Re ay > 0.
) Tne estimate (5.13) is still valid with a; = Re ay.
’ju} Our theory is of asymptotic character. Hence it is important to see
E}; the applicability of Theorem 5.4. in the range of practical parameters. To
-iFi this end let us consider the plane strain elasticity problem when {Q 1is an
);Q} L-shape domain shown in Fig. 6.1.
RN
ol
B A

n Tr
l
0 3
\ ‘.::'.-' 8/r
i |

A

e
o 'DJ.'-. 2 C D

R | |

“ J_\ | 1 -l

PR L 1 ]
oy X y
."t
:xif Fig. 6.1. L-shaped plane elastic body.
:QC’ Let us assume that on 230 tractions are prescribed, i.e. r' = @. The

sciition of this problem is the displacement vectoer (41.u2) where
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3:f (6.1a) uy = %5 r¢(k-Q(a+1))cos ad - a cos(a-2)0]

P

- ) 1

S (6.1b) us = 3= rP[(x+Q(a*1))sin a@ - a cos(a-2)0]

L, 2G

..

208 where a = 0.544483737

|. ]

e Q = 0.543075579

ﬂ}ﬁ G 1is tne modulus of rigidity and « = 3 - 4y where v 1is Poisson's ratio

y which we assume to be v = 0.3. The solution has a typical singularity at
W O. The sides OA and OE are traction free. Instead of the norm ||, o we
- . ’

o will be interested in the energy norm |+|; which is equivalent to the

e -1, q norm. Denoting W(u), respectively W(ug). to be the strain

— ty

;o energy of the exact, respectively the finite element solution, we have

~ . n ny %

. (6.2) u-u = (Wlu)=-Wu_))"?

| pIE (W(u)=W( D

RN

;{' and we define the relative error in the energy norm as

- !

- Ww)-w(u) %

—_— P

vy (6.3) IeIE,R e .

}:: In the next figures we will present the results of computations which were
ﬂ performed with a computer program called PROBE [20], [22] developed by

- '

;i: Noetic Technologies Corporation, St Louis.

o~

~‘.-

2L We will consider a uniform mesh with square elements as shown in Fig.
Qj h.2.

o>

-,

o

-

r
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o
... ] ,
A e T i e e




.
n

Fig. 6.2. The scheme of the uniform mesh.

The solution u € H'*®7€(Q), ¢ > 0 arbitrary.

Theorem 5.4 gives for p 2 1 the estimate:

min(a,p-a)

2a
o

(6.4) Iu-uglE < C min(n%,

A

Y
R
;E_w where C depends on a but is independent of h and p. Fig. 6.3 shows
v.‘.-f'.
;:jg the relative error in the energy norm IeIE,R (for different degrees p)
?{2{ in dependence on h. We also show the slope h® in the figure. We see
Lot
@ that with respect to h the error is in the asymptotic range also for

P
»

moderate p and h.
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MESH SIZE h
:;1; Fig. 6.3. The relative error in the energy norm in dependence on h.
fij: Fig. 6.4 shows %the error in dependence on p and different h. Because of
’jﬁj the size of computations, only in the case h = Y% 1is the error given for p
C)‘ >4, (For p =4 and h = 1/10, the number of degrees of freedom N =
jij 5119). Estimate 6.4 gives the rate p—2a which appears only for p > 3.
-1 For large p and small h we have N = p>/h® and hence

- (5.5) u-uh < C .
p'E

5.5) snhows that if the measure of computational work is N, then the use

=
.
EY

of nigher 3 13 preferable.
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Fiz. %5.4. The relative error in the energy norm in dependence on p.
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Fig. 6.5 shows the dependence of the relative error in the energy norm

on the number of degrees of freedom N for various p. In

addition, the performance of the p-version for n =% 1is shown in the
figure. We see that p = 2 13 more effective than p = 3, and
asymptotically for p » ®, the higher p are more effective as follows
from (6.4). The p-version has a rate which is twice that of the h-version
(see also [5]).

We addressed in this paper only the case of the gquasiuniform mesh. If
the mesh is strongly refined, then its performace is different. Fig. 6.5
shows the strcongly refined mesh with n layers, (n=2). The mesh is a
geometric one with the ratio 0.15. The ratio 0.15 leads to nearly optimal
convergence. See [13], [14].

Fig. 6.7 compares the performance of the h, p version for the uniform
and strongly refined mesh for our example. The performance of the p-version
on strongly refined meshes is in practice very similar to the general h-p
version, leading to an exponential rate of convergence. We see that the p-
version performance depends very strongly on the mesh.

For more about the comparison between h, p and h-p version we refer

to [3].
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7. APPENDIX
Theorems 7.4 and 7.5 proven in this section are slightly generalized
forms of Lemma 4.7 and are of interest by themselves.

Let us consider the equilateral triangle T = ABC as shown in Fig.

7.1,
i
A:00) y* P ¥®  B=(0) X
Fig. 7.1. The scheme of the equilateral triangle.
de denote

Y, = Y{‘UY? - 7r. U P.B = B,

- vA C . 5 =

2 2
_ 3 C _ B UPC = &R
Y3 = Y3 U Y3 = P3 U P3C = BC.

The notation is also shown in Fig. 7.1. Let f ¢ Pp(Y1). Then we define

O T PR P T VTP
R N R L A O R

ol




xe L

Y3

(7.1) FEf](x.y) = g% [ f(t)de.
x- L

/3

The value of F{ at a point P € T depends only on the values f along

the segment Q,Q,, Q; = (x- —%f.o), Q, = (x+ -—E, 0). We prove now the
< V3 V3

following lemma.

Lemma 7.1. Let £ € P (Y;) and Fifl(x,y) be defined by (7.1).
Then

(7.2) a) Ffleey) € PIem

b) FLfl(x,0) = £(x)

(]
c) qu |1,T .<. lell/z.y1
dy) |F§f]u . < oclel 0$ kg
k,Y2 k,Y1
(fr] , .
SPYR | n' g < clti 5 0 ¢«
K,Y K,Y
3 1
d3) nFEfJI c ¢ clely 0 <k g
K,Y '
2
dy) iFEf]n ¢ < cltly 0 kg1
K,YZ '
3
;;il where the constant C 1is independent of p and f.
it
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Proof.

p integer.

F(x,y)

It is immediate that (7.2b) holds. Let f = x" with 0 < n ¢

Then

- L
V3

e B T L (x - Lyt

© 2y(n+1) @ /g
/3 YN - pen 1
= S(arD [(x+ =) - (x 1—)]Pn(x.y) 7 Pa (x,y) € p! (T)

3 3

Hence (7.2a) holds.

To prove (7.2c) we first extend f to a function defined on the

entire x-axis R so that (see [18])

(7.3)

Ifll/z,R S. le‘ll/z,y1

where we have used the same notation f to denote the extended function as

well. Then

by (7.1) Fy(x,y) is well defined on the entire half plane Q =

{(x,y) | y >0}. For (x,y) € @ we have

(7.4)

where

(7.5)

+@

Fi(x,y) = [ £(O)H(x=t,y)dt = (f * H(+,y))(x)

-

< x <

H(x,y) - L < x < L
/3 /3

0 otherwise.
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............

e e e e e T Tt

..........

AR




W, W T W e e e AW AR T NN

Let

(7.6)

where

7.m

Let 5
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YN

e

(7.9

i 'l
S
RIPRR P .‘_.\'

AR

1o

l.#
L TR

¢

TEN Y Y T, Y
[ R
o I'_v'

'_
N
2, 8.

._
s
s 1

| i
CARAN

v o X
AT

4
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W, v,
!
~

™ L)

.

-\- e,
-~ o

g(g)

X direction.

Now letting =z

et A ol Bal ol b A R Sl SR i+

Then by (7.4)

Fl(E.Y)
e,y - =2 yf/§
V2n <Y ~y/v¥3

{(g,y) | vy > 0}

2 2
I | = |5 15
il LU

SINRGIE

Q

[ |fCe,y)|%dy =
0

BIRGIRE

represent the Fourier transform of the function

and calculate the

H(E y))%g ay + [[ |Fe))?

yE/V3 we get, by (7.7),

1 @
=7

[E(a)[2[aﬁ(a,y>f2da dy

2 2
< CIf < f
¢ clelf g < cl

Lol athi gt sl ah gt atl aidh o f aRe sAL o i obl Sad B4 e oS ol A 2a8'a a\d o A At an o-a os o]

4y

g{x) in the
= FE)H(E,y)
o-ifxy, . 1 sin(gy/v/3)
Y2n  gy//3
H‘(Q) norm of F,(x,y). By

Parseval's equality, we have using (7.6)

[{ 1Fe))31e fice,y)|%ae ay
Q

|8(E,y)|%dE dy.
Q

31n z dz C

2 Jel < Tel e

| l/29Y1 '
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3
Yy

H(E,y) = 53 [ees z _ sin z]

2 2
z

which is bounded at 2z = 0. Hence

T = 2
({IW H(E,y)|dy < c|gf,
30 that
(7.10) [[ 152 |g~y H(E,y)|2dE dy
Q

< cf lellF@Pae <l
- 20 14

The third term can be bounded analogously. Using (7.8)-(7-10), (7.2c)
follows. Inequalities (7.2d3), (7.2dy) follow immediately for k = 0,

k = 1 and hence by an interpolation argument (see [8]) they hold for all
3 <k <1,

We prove now (7.2d1). Let the variable x be used to represent both

the distance from A along Y1 and the distance from A along Y2.

-
LA

Denoting

T 4

'.
. A
"
.
.
v h

X
[ flo)at
0

(7.11) G(x)

.., .'. .'q TE"-
< '1’ "‘ ]
|-

it is readily seen that

.l

o
@
@ o
- Te e a

T N FTETYY B

kY
N

L " ]Gu)h'r I=1(0,%).

(7.12) BN
k,YZ

l'.'
LU

v
R
- .
s ¢
LN S

fﬁ".'t:' L

Using (9.9.1) of [15 ], p. 244 we get

NNNCT
)0 /aE'
LA s o
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b |

(L

N Y
A
4 4

T A S NN R S SR SR
I T A AR S,
AL, S RN ..'1{") e ‘u_'-"‘.'-‘,'g.:‘-*v "

e
Y
.l
‘.f
o

K
.




DR M AAC AT ARG M N "M M MM R ARl el Aol tel el Aad And Sad Shl Gl Sl AL ML DAk thh ad Bl Gl and A8 A & STE ST a4 At n o Bes SRR LA |
46
(7.13) ey ; ¢ clr]

A

O.Y1

Further, integrating (7.11) by parts we have

(7.18) G(x) = f{x) - £(0) - % 7 tf'(t)dt
0
and hence
G'(x) = f'(x) + lE T tf'(t)dt - £'(x)
x 0
X X
- -5 ] xmoerwar « — [ er(oae.
x 0 0

Using 9.9.5 of [15], p. 245 with r = 2 we get

1 T _
I-x—2 (x=t)er(edae], < cler]

5 0,1
and by 9.9.1 of (15], p. 244 we get

I’—T £1(t)dt] < clely <

X 4 0,1 0,1
Hence
(7.15) IG'(")“o,I < CIf"O’I .

Combining (7.13) and (7.15) we get (7.2.dy) for k =0 and k =1 and

nence by the interpolation argument (7.2d,) holds for all 0 ¢ k £ 1. The
inequality (7.2dy) is essentially the same as (7.2d;) and Lemma 7.1 is

2tmpletaly proven.
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Let now f = f,; € Pp(Yi), i =1,2,3. Then we denote by
[f,]
Fi 1 (x,y) the polynomial extension of fi into T, defined for i =1
by (7.1) and for i = 2,3 by (7.1) after properly rotating the
coordinates. Obviously Lemma (7.1) is applicable for i = 1,2,3 when
properly interpreted through the rotation of the coordinates.
We now prove
Lemma 7.2. Let T be the triangle as in Fig. 7.1 and f be a
continuous function on 3T, such that f; = fIY_ € Pp(Yi), i=1,2,3
i
where by f|y we denote the restriction of f on Y;. Then there
i
exists ¢, € Pp(Yi). i =1,2 such that
[o] [9,]
- 2
(7.19) a) U = Fy + Fy € Pp(T)
b) U = fi on Yi, is= 1,2
c) |u|1,T < crie, |1/2,Y1 + ||f2|,/2’Y2]
2
bl 3 -
d) Bogle,y, ¢ el del v 1 i=1,2, 0g¢kg
J= J
2
d) fo 5 o<octinl g+ 10l 30 0 gkg
k, Y, Ky Y, J=1 J
2
SEVR L2 B e LY NI L) TR T Ok
: k,Y2 k’YZ J=1 J
o
:i where C is a constant independent of p and f.
v
\.‘:-
F”} Proof. Let ¢ € P (Y;). Then as in Lemma 1 we define
" h
& i
E.?.
F...I
A
f;-'-a
X |

N
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L}

X
1 :
(7.17) Gy (x) = ;cf)qsi(t)dt, i=1,2

Condition (7.16b) will be satisfied if

1
(7.18a) ¢ (x) + Go(x) = &;(x) + x Z 02(t)dt = f1(x)
(7.18b) (x) + Gy(x) = dy(x) + % z 01(t)dt = fz(x)

hold for all x € I = (0,1). Since f; ¢ Pp(I) it is easy to see
that &, € Pp(I) satisfying (7.18) exist. Due to the assumption about
continuity of f on 3T we have f,(0) = £,(0) = C. ¢; are uniquely

determined up to a constant XK with ¢1(0) =K, ®(0) =C - K.

We now define

(7.19) w1(x) = 01(x) + @e(x), wz(x) = ¢1(x) - ¢2(x)
h1(x) = f1(x) + fz(x), h2(x) = f1(x) - fz(x)
so that (7.18) yields
;%
(7.20a) h(x) + ;g b (£)dt = hy(x)
(7-20b) w2<'() - 1; ? WZ(t)dt = h2<X).
0

- ._:..-;-. :-._;-._:.._ _;. . _...;.._-'..'. L e N ."J'" . :'_-.'ﬁ.':‘ <-.‘ K _.-. RS -
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Here y,(x) 1is unique, ¢,(0) = C, while y5(x) 1is unique up to the
constant K such that y5(0) = 2K -C.

We first analyze (7.20a). By differentiation we obtain
' 1 1 U
x 0

Using (7.20a) We get

N
&
> l_.D'

(7.21) b o+

1
The homogeneous solution of (7.21) is 3 A particular solution can be

X
found by using the method of variation of constants. Hence, substituting
yy (x) = Il%l into (7.21) we get

X
' = ntyl
T'(x) = h{x® + hx
from which
1 1 ¥
o (x) = —27 t?hi(t)dt + = [ thy(t)dt.
x 0 x 0
Integrating by parts we get
'.-.' 1 )
) (7.22) Wix) = hix) - th, (t)dt.
o x“ 0
I
J_-
oy the unique solution of (7.20a)
- We show now that
X (7.23) Al
r IwT'k,I < ‘“In‘.lk,l’ 0 <k <l

Cate e e e e e, e e N e . .- . - - £ ..
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X X X
F(x) = [ thy(t)dt = - [ (x=t)h (tddt + x [ hy(t)at.
0 0 0
Then
(x) G(x)
-5 = > - Q(x)
X X
Where

G(x)
Q(x)

Using (9.9.4) of [15], p. 245

obtain

{EIVZ S I

which yields (7.23) for k

(7.28)

Let

NIRRT
.
.\A.-'n'nll“l
[

Vo
5
~
*
<
]
O

' hh
B

tnen

Ae hav=

1

(x-t)hq (t)dt

"n
O—x

X
[ ny(tat.
0

i

El R

with r =2 and (9.9.1) of [15], p. 244 we

2
IG(X)/X IO,I+ |Q|0’1 < clh1|0’r

0. Next, differentiating (7.22) we get

h X

ny - L [ehy(o)at.
3

x~ 0

O—x
[ad
o
=~
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F(x) G(x)
= - Q(x) + R(x)
X3 X3
where
% 2
GO = | (x=£)%hi(t)at
0
1 e
alx) = < Z hi(t) dt
2 X
R(x) = 5[ thi(t)dt.
x 0

This gives
3
IFCox*]y ;¢ Jetox’]ly ¢+ loly ; + [reol, ;-

The first two terms can be bounded once more by |h1'|0 ; using (9.9.4) of
?

[15], p. 245 and (9.9.1), p. 244, Moreover,

2 X X
R(x) = 55 [-[ (x-t)h(£)dt + x | ni(e)dt]
X 0 0

so that 'RIO,I can also be bounded by Ih{IO,I' This yields (7.23) for k

= 1. By the interpolation argument (see [8]) we get immediately (7.23). Let

us consider now (7.20b). Differentiating it and using once more (7.20b) we

get
h
7 ' _ ' 2
(7.25) by = hp t =
Integrating we get
1 hz(t)
(7.26) bp(x) = hy(x) - i — dt.

>
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(7.26) is that solution of (7.20b) with wo(1) = h2(1).
Once more we wish to show
(7.27) |“’2|k,1 < c|r12|k'I , 0§k
Using (7.26) and (9.9.9) from [13), p. 245 with a = 0 we get
“’2'0’[ hS Cﬂhzlo’f ‘
Since h5(0) = £,{0) - £5(0) =0, (7.25) yields
) _ \ + 1_ T hv( )dt
\bz = h2 ” > t
0
and by (9.9.1) of [5], p. 244 we get
Pooly,p ¢ chnply g
An interpolation argument leads immediately to (7.27). Hence we have
constructed solutions of (7.20a,b) such that (7.23) and (7.27) hold.
Coming back to (7.19), using k = % we see that for 1 = 1,2
uq’ill/z’y' < C[|f1 Il/z,y * |f251/2,y ]
i 1 2
v:f- and applying Lemma 7.1 we get immediately (7.15¢) and also (7.16d1).
”} Returning to (7.20) we see that with [* = (%,1)
Y
E.’ Iwilk,l* .<. C[Ihilk’l* + IhiO,I]’ i= 1’2'
o
:jii Hence also
P
- :
vl o], 1% < clled, D Fa PR ¢ P= 1,2
:.-:'J
N
R
3
we
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which immediately leads to (7.16d,), (7.16d3).

The following lemma is taken from [6]

Lemma 7.3. Let T be the triangle as before, f Dbe continuous on
3T, f, = f3 =0 and fy € Pp(Y1). Then there exists a polynomial
v € P;(T) such that

M PP C|f1|1,Y1

v = 0 on YZ’Y3

where C 1is a constant independent of f and p.

Theorem T.4. Let T be the equilateral triangle shown in Fig. 7.1
and f be a continuous function on 3T, such that f; = rly. € Pp(Yi),
i

i =1,2,3. Then there exists U ¢ P;(T) such that U =f on 23T and

3
Wl ¢ o< el 1l el y ]
i=1 i

where the constant C 1is independent of p and f.

Proof. Using Lemma 7.2 we see that without loss of generality we can

assume that f2 = f3 = 0.

Let fy #0, f5 = 0. By Lemma 7.2 we construct ¢,, ¢, and U =
[4,]

v Fy . Then U ¢ Pp(T), Uu=#f; on Y, 1= 1,2 and

F

(7.28) |u|1’T < C|f1|%'Y1.
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Denote by g3 the trace of U on Y3. Then we have 33(8) = 33(C) =0

and
(7.29) < C{r
l83 Il/z’ y3 3 l 1 Il/zr y1
9y applying Lemmas 7.2 and 7.1.
Because of (7.16d3) |e,| . <c|f,], , and hence using Lemma 7.1
2 b
‘ 1,73 1
we have also
(7.30) EN| < cjsg,
3 1,Y§ ! 1/2,'Y1

Let now analogously as before

U1 = 3 1 -
so that
U1 € P;(T)y U“ = 83 on Y3, U1 = 0 on Y1

and
. 14 \
; (7.31) L PRPAS Cls3lx,z,y3 < C|f1ll/2'*{1‘
ol
A
e r r r
e Denote Dby 351] the trace of U; on 7Y,. Then gé‘J(A) = g§1](c) = 0.
e
e Because of (7.30), applying Lemma 7.1 and Lemma 7.2 analogously as before we
@

conclude that

¢ s« w 9t "
Y
TN

CUUATSE R

VYT

(1]
53 71,y ¢ cllsgl o+ lesly v 3 < clfidy y -
2 1,75 3 1

i

AT TTTW
»
e

v
."
R A
LA

Now applying Lemma 7.3 there is U,¢ PL(T) such that
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(7.32) |U2|1 T C|321]|1 y. S cIf~1l‘/,Y1
and

U, = g%‘l on Y2, Us 0 on Yy Y3.
Let now

v = U-U1 +U2.

Then it is easy to see that V € P;(T), v=f on Y,, V=0 on

Y3 and because of (7.28), (7.31) and (7.32) we get
IVI1 , T .<. C|f1 Iyz,y1

which concludes the proof of Theorem T7.4.

Let S = (x,y] |x] <1, |y|] <1) bea square and Y, its sides as

1

shown in Fig. 7.2
ny
D=(-1,1) ys  C=(l,1)

7a

Y2

A=(-1,-1) B=(l,-1)

7

Fig. 7.2. The scheme of the square.
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! Theorem 7.5 Let S be the square shown in Fig. 7.2 and f be a
continuous function on 3S, such that f£; = fly €P,(Y;), 1 =1,...,4,
i
Then there exists U ¢ PS(S) such that U =f on 23S and
I
U < C f.
ol s < ol T Iedy, )
where the constant C is independent of p and f.
Proof. Let T be triangle shown in Fig. 7.1 and Q = {&,n l
(g,n) €T, n« iéz} be the trapezoid shown in Fig. 7.3.
3
2' 2
F E
Q
w
ot A=(0,0) B=(1,0) *
if: Fig. 7.3. Scheme of the trapezoid.
t;u The mapping
i (7.33) e - LeB iy 3 n - (e 22
. . 2" 16 3 15
b 4
o
"-J.'-.
:ﬁ} maps 3 onto Q. The mapping is obviously one-to-one and the Jacobian and
_:_; its inverse are bounded.
‘,-:'.r
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Let us first prove the theorem in the case that f. =10, i = 2,3,4.

2000

Denote f,(g) = rq(2g-1), 0 < g < 1.

Obviously FT,(R) = £,(B) = 0 and

L l7 0 - < cle

h
g h, 0 A, Nt

Let U ¢ P;(T) such that U = f, on AB and 0 =0 on AT and BC. By

Theorem 7.4, U(g,n) exists and

ju] < cltl - < clt
1,T 1 b3, :

Lo
P I

ety
£1 17

Because U € P;(T) we have

) a, jﬁkn‘]
Ock+jp '

s &
"n .‘l J '.l ”

G(E’n)

Y
.
Y

p "v “-

-1 a G E e ‘1’;>

0<k+3j<p

ol alal 0ol s

U(x,y) € Pi(s)

[y

and

.

£, "' *y %> "l

IU|1'S .<. lell/z’y1 .

A7 L

ﬂ"\ :'.5:':':' » . [ .".." Sl

Because ?2 = T3 =0 we have u(+l,y) =0, U(x,-1) = f; and using Lemma
7.1, Lemma 7.2 we conclude by similar arguments as used in the proof of

Theorem 7.4 that

|U(x")|1,73 < C|f1|%’Y1

Dk s P
| 3
2

[
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Of course U(x,1) € Pp(YB) and U(%1,1) = 0. Hence with

Vo= % U(x,1)(y+1)

we see that

|"|1,s < CIU(x,1)|1'Y3 < |f‘1|,/z'Y1

and V(x,1) = U(x,1). Hence W =U -V € Pg(S), W=f on 3S and

IWI1 »S .<. C|f1 ll/z'y1 *
The theorem is therefore proven in the case that f = 0 on three sides of
S and hence it holds also if f 1is general but £ = 0 at the vertices

ABCD.
It remains to prove that in the general case there exist ¢ ¢ Pg(s)

such that ¢ has the same traces at ABCD as f and

i
(7.34) fol, 5 < cl 2 gl 1.
’ i=1 214

. ) (£, ] 0yl
To this end we define F, (€,m) by (7.1) and define F, (x,y) by
(f, ]

inserting (7.33) for (g,n). Then |F,

(x,+1)|1’Y3 < C'f1IO,Y1 and hence

(fy] ~ ~
analogously as above we can change F, ! {x,y) to Fy so that F(x,+1) =0

and |F < cfrt Changing the role of Y; and Y5 we can

s 1y, v -
1
analogously construct F3 € Pﬁ(S) so that

3l Fylo1) =3, Fy(x,mn) 0.

3* 3

= «
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Hence ¢ = %1 + 53 € PS(Q) has the same traces at ABCD as f and (7.34)

Eaee nolds. This completes the proof of Theorem 7.5.
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